In the paper we study a method extending fuzzy measures on the set N = {1, . . . , n} to n-ary aggregation functions on the interval [0, 1]. The method is based on a fixed suitable n-ary aggregation function and the Möbius transform of the considered fuzzy measure. This approach generalizes the wellknown Lovász and Owen extensions of fuzzy measures. We focus our attention on the special class of n-dimensional Archimedean quasi-copulas and prove characterization of all suitable n-dimensional Archimedean quasi-copulas. We also present a special universal extension method based on a suitable associative binary aggregation function. Several examples are included.
Introduction
In [13] we have introduced a method extending any fuzzy measure on the set N = {1, . . . , n} to an n-ary aggregation function by means of a (fixed) suitable aggregation function and the Möbius transform of the considered fuzzy measure. Recall that a fuzzy measure m on the set N = {1, . . . , n} is a nondecreasing set function m : We say that the function F m,A extends the fuzzy measure m if F m,A | {0,1} n = m. However, in general, the functions F m,A defined by (1) are neither aggregation functions (monotonicity can fail) nor extensions of m. Denote the set of all n-ary aggregation functions by A (n) and the set of all fuzzy measures on N by M (n) . In [13] we have completely characterized all aggregation functions which are suitable for this construction, i.e., all A ∈ A (n) which together with any fuzzy measure m ∈ M (n) give via (1) an aggregation function F m,A extending m. Such aggregation functions A ∈ A (n) are briefly called suitable aggregation functions. For example, all n-dimensional copulas are suitable aggregation functions. On the other hand, not all n-dimensional quasi-copulas possess this property. In this contribution we focus our attention on the special class of n-dimensional Archimedean quasicopulas and prove characterization of all suitable n-dimensional Archimedean quasi-copulas. Our approach was motivated by the Lovász and Owen extensions of fuzzy measures, [14, 21] .
. . , x n }, then the expression on the right-hand side of formula (1) coincides with the the expression
which is equal to the Choquet integral C − N x dm, [5] , and also to the Lovász extension of the fuzzy measure m, [15] . Similarly, for A = Π, where Π(x 1 , . . . , x n ) = x 1 · · · x n , the expression on the right-hand side of formula (1) 
Characterization of suitable aggregation functions
As mentioned above, in [13] we have characterized all suitable aggregation functions A. For completeness of information let us recall two main results. The first of them characterizes all aggregation functions A ∈ A (n) for which F m,A is an extension of m for each m ∈ M (n) . 
Theorem 1 Let
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Theorem 2 Let

. , n) if and only if for all n-
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For example, by Theorem 2, for a binary aggregation function A with zero annihilator the function F m,A is non-decreasing for each m ∈ M (2) if and only if A-volumes of all possible 2-boxes
, which in binary case are also obtained from conditions (2) , are trivially nonnegative because of the monotonicity of A.
From Theorems 1 and 2 we obtain the following characterization.
Corollary 1 An n-ary aggregation function A is a suitable aggregation function if and only if it has zero annihilator and satisfies the conditions for the monotonicity of F m,A given in Theorem 2 for each variable.
For example, all n-copulas [24, 19] are suitable aggregation functions for our construction. Recall that n-copulas are defined as functions
It is easy to see that aggregation functions described in the following proposition also possess zero annihilator and the A-volumes of all n-boxes in [0, 1] n are non-negative.
is a suitable n-ary aggregation function.
Not only copulas and distorted copulas from Proposition 1 are suitable aggregation functions.
Example 1 Consider the function
The function A is a ternary aggregation function with zero annihilator. It is not a copula, because, e.g., for u = (0. The aggregation function A from the previous example is a 3-quasi-copula. In general, n-quasicopulas are functions Q : [0, 1] n → [0, 1], which satisfy the same boundary conditions (C1) as n-copulas do and which are non-decreasing (in each variable) and 1-Lipschitz, see [20, 4] .
In contrast to n-copulas, not all n-quasi-copulas are suitable aggregation functions. If we denote by C (n) the set of all n-copulas, by Q (n) the set of all n-quasi-copulas and by F (n) the set of all n-ary aggregation functions suitable for our construction, then, supported by the previous results, we can write C (n) F (n) and Q (n) F (n) .
Special sets of suitable aggregation functions
In this section we focus our attention on the set of Archimedean n-quasi-copulas. Let us introduce several preparatory notions.
Definition 1 An n-quasi-copula Q
: [0, 1] n → [0, 1] given by Q(x 1 , . . . , x n ) = ϕ (−1) (ϕ(x 1 ) + · · · + ϕ(x n )), where ϕ : [0, 1] → [0, ∞
] is a continuous strictly decreasing convex function with ϕ(1) = 0 and pseudoinverse ϕ (−1) , is called an Archimedean n-quasicopula.
The function ϕ is called an additive generator of Q.
For n-copulas we have the following result, see [17] . 
Note that a real function f is called n-monotone on an interval I if all its differences of order 1, . . . , n are non-negative. This means that f is n-monotone if and only if for each k ∈ {1, . . . , n}, each x ∈ I and all ǫ 1 , . . .
compare with [2, 16, 11] . Now, we can formulate the result.
Theorem 4 Let Q be an Archimedean n-quasicopula. Then the following is equivalent (i) Q is a suitable aggregation function.
(ii) Q is an n-copula.
(3) On the other hand, as 0 is the annihilator of Q and Q is generated by ϕ (ϕ(1) = 0), we obtain
then from (4) and (3) we obtain that for each k ≤ n it holds I⊆{1,...,k}
For
Finally, from (5) and (6) 
which means that f is n-monotone and by Theorem 3, Q is an n-copula.
Remark 1
Observe that based on the results presented in [25] , Theorem 4 can be generalized to the case of associative n-quasi-copulas. The associativity of n-ary functions in the Post sense [22] is considered, i.e., the associativity of an n-ary quasi-copula Q means that for all x 1 , . . . ,
An associative n-quasi-copula is a suitable aggregation function if and only if it is an ordinal sum of n-ary Archimedean copulas. For the later concept see [18] .
A universal extending method
As mentioned in Introduction, the Lovász and Owen extensions can be applied universally, independently of the arity n. To obtain another universal extension method, consider a suitable binary aggregation function A :
In [13] we proved the following characterization of suitable binary aggregation functions. Note that Example 2 shows that this characterization is valid for binary case only.
Theorem 5 Let A ∈ A (2) . The function F m,A given by (1) is for each m ∈ M (2) an aggregation function extending m if and only if for each
where Q is a 2-quasi-copula and f, g are non-
Suppose that the considered suitable binary aggregation function A is associative. The associativity of A means that for all x, y, z
Putting y = z = 1 one obtains f (x) = f (f (x)). Similarly, the equality g(z) = g (g(z)) can be proved. To obtain a continuous extension, the continuity of f and g is required, and so the only possibility for f and g is the identity function. Thus A = Q, where Q is an associative 2-quasi-copula. Its n-ary extension is a suitable aggregation function if and only if it is an n-copula. Following the results in [18] is a suitable n-ary aggregation function and moreover, for any n.
(ii) Let A be the copula ordinal sum, A = ( 0, 1/2, Π ), i.e., 
